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We propose the method for identifying many particle electronic states in the system of coupled
quantum dots (impurities) with Coulomb correlations. We demonstrate that different electronic
states can be distinguished by the complex analysis of localized charge dynamics and non-stationary
characteristics. We show that localized charge time evolution strongly depends on the properties
of initial state and analyze different time scales in charge kinetics for initially prepared singlet and
triplet states. We reveal the conditions for existence of charge trapping effects governed by the
selection rules for electron transitions between the states with different occupation numbers.
I. INTRODUCTION
The control and diagnostics of electronic states in
semiconductor nanostructures attracts a great deal of
attention now a days. One of the key problems in
this area is a development of efficient methods of de-
tection of electronic states with different spin orienta-
tion as spin degrees of freedom are considered to play
an important role in realizing new functions in mod-
ern nanoelectronic devices such as spin pumps1,2,3,4,5
and turnstiles6,7, spin interference devices8, quantum dot
spin cellular automata9,10,11 and devices for the qubit
information12,13.
Double QDs are recently an attractive objects for spin-
dependent transport analysis14,15,16,17. Electronic trans-
port through the coupled QDs was considered both in the
case of coupling to spin-polarized magnetic15 and non-
magnetic17 leads. Coupled QDs can be applied for mod-
ern nanoelectronic devices creation due to the particular
properties of charge and spin kinetics of individual lo-
calized states18,19,20,21. The possibility of QDs integra-
tion in a small size quantum circuits deals with careful
analysis of relaxation processes and non-stationary ef-
fects influence on the electron transport through the dots
system22,23,24,25,26. Electronic transport in such systems
is strongly governed by the presence of Coulomb corre-
lations and by the ratio between the QDs coupling and
interaction with the reservoir27. Correct interpretation
of quantum effects in nanoscale systems provides an op-
portunity to use them as a basis for high speed electronic
and logic devices creation28. Consequently, the problem
of charge kinetics in correlated low-dimensional systems
due to the coupling with reservoir is really vital. More-
over, non-stationary characteristics provide more infor-
mation about the properties of nanoscale systems com-
paring to the stationary one.
In the present paper we propose the way of different
many particle electronic states characterization in the
system of two interacting quantum dots (impurity atoms)
with Coulomb correlations by means of non-stationary
current analysis and investigation of the charge trapping
effects. Initial charge time evolution is analyzed in terms
of pseudo particle technique with additional constraint
on possible states29,30,31,32.
II. THEORETICAL MODEL
We consider the problem of different many particle
electronic states resolution in the system of two inter-
acting correlated quantum dots (impurities) by analyz-
ing its non-stationary characteristics. Coupled quantum
dots are weakly connected to the substrate, so there is no
charge transfer from the dots to the substrate. Charge
transfer in the system is allowed only between the dots
and due to the QDs coupling to the reservoir, switched
to the system at t = 0 (see Fig.1).
FIG. 1. Sketch of two interacting quantum dots on the sub-
strate coupled to reservoir.
The Hamiltonian of the system
Hˆ = Hˆdot + Hˆres + Hˆtun (1)
is written as a sum of the QDs Hamiltonian
Hˆdot =
∑
l,σ
εlnˆlσ +
∑
l,σ
Ulnˆlσnˆl−σ + T (cˆ+1σ cˆ2σ + cˆ
+
2σ cˆ1σ),
(2)
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2electronic reservoir Hamiltonian
Hˆres =
∑
kσ
εk cˆ
+
kσ cˆkσ (3)
and the tunneling part, which describes transitions be-
tween the dots and reservoir
Hˆtun =
∑
kσ
tk1(cˆ
+
kσ cˆ1σ + cˆ
+
1σ cˆkσ) +
∑
pσ
tk2(cˆ
+
kσ cˆ2σ + cˆ
+
2σ cˆkσ).
(4)
Here index k labels continuous spectrum states in the
reservoir. Localized charge time evolution depends on
the way of coupling to reservoir as it was shown in21.
We’ll consider the symmetric coupling to reservoir and
assume hopping amplitudes between the reservoir and
QD with the energy εl to be independent on the mo-
mentum and spin, so further tk1 = tk2 = t. Tunnel-
ing transfer amplitude between the dots T is also con-
sidered to be independent on the momentum and spin.
Operators cˆ+k /cˆk are the creation/annihilation operators
for the electrons in the continuous spectrum states k.
nˆlσ(−σ) = cˆ
+
lσ(−σ)cˆlσ(−σ)-localized state electron occupa-
tion numbers, where operator cˆdσ(−σ) destroys electron
with the spin σ(−σ) on the single particle energy level
εl. Ul is the on-site Coulomb repulsion for the double
occupation of the localized state. We consider low tem-
perature regime when Fermi level is well defined and tem-
perature is much lower than all the typical energy scales
in the system. Let us further consider ~ = 1 and e = 1
elsewhere. As we consider the strong coupling between
the QDs, the basis of exact eigenfunctions and eigenval-
ues of coupled QDs without interaction with the reser-
voir should be applied. Wave functions for the single-
and multi-electronic states are well known:
Two single electron states with the wave function
Ψσi = µi · |0 ↑〉|00〉+ νi · |00〉|0 ↑〉. (5)
and energies
εa(s) =
ε1 + ε2
2
±
√
(ε1 + ε2)2
4
+ T 2 (6)
exist in the system. Coefficients µi and νi are deter-
mined by the eigenvector of matrix:
(
ε1 −T
−T ε2
)
. (7)
Six two electronic states exist in the system: two states
with the same spin direction T+ | ↑↑〉; T− | ↓↓〉 and four
states with the opposite spins and wave function:
Ψσ−σj = αj · | ↑↓〉|00〉+ βk · | ↓ 0〉|0 ↑〉+
+ γj · |0 ↑〉| ↓ 0〉+ δj · |00〉| ↑↓〉.
(8)
Two electron energies and coefficients αj , βj , γj and
δj are determined by the eigenvalues and eigenvectors of
matrix:
2ε1 + U1 −T −T 0−T ε1 + ε2 0 −T−T 0 ε1 + ε2 0
0 −T −T 2ε2 + U2
 . (9)
These are low energy singlet S0 and triplet T 0 states
and excited singlet and triplet states S0∗ and T 0∗. Low
energy triplet state T 0 with energy ε1 + ε2 exists for any
values of QDs energy levels εl and Coulomb interaction
Ul. Corresponding coefficients in Eq.(8) are α = δ = 0
and β = −γ = 1√
2
.
Two three electron states with the wave function
Ψσσ−σm = pm| ↑↓〉| ↑〉+ qm| ↑〉| ↑↓〉
m = ±1 (10)
exist in the system. Coefficients pm and qm and ener-
gies are determined by the eigenvectors and eigenvalues
of matrix:
(
2ε1 + ε2 + U1 −T
−T 2ε2 + ε1 + U2
)
(11)
Finally, single four-electronic state exists in the system
with the wave function
Ψn = | ↑↓〉| ↑↓〉. (12)
Coupling to reservoir leads to the changing of elec-
trons number in the dots due to the tunneling processes.
Kinetic properties are governed by the selection rules,
which are determined by the matrix elements between
the states with different number of electrons. Transi-
tions between the states with different number of elec-
trons can be analyzed in terms of pseudo-particle opera-
tors with constraint on the physical states (the number
of pseudo-particles). Consequently, the electron operator
c+σl (l = 1, 2) can be written in terms of pseudo-particle
operators:
c+σl =
∑
i
Xσli f
+
σib+
∑
j,i
Y σ−σlji d
+σ−σ
j fi−σ + (13)
+
∑
i
Y σσli d
+σσfiσ +
∑
m,j
Zσσ−σlmj ψ
+
m−σd
σ−σ
j +
+
∑
m
Zσ−σ−σlm ψ
+
mσd
−σ−σ +
∑
m
Wσ−σ−σlm ϕ
+ψmσ
3where f+σ (fσ) and ψ
+
σ (ψσ)- are pseudo-fermion cre-
ation (annihilation) operators for the electronic states
with one and three electrons correspondingly. b+(b),
d+σ (dσ) and ϕ
+(ϕ)- are slave boson operators, which cor-
respond to the states without any electrons, with two
electrons or four electrons. Operators ψ+m−σ- describe
system configuration with two spin up electrons σ and
one spin down electron −σ in the symmetric and asym-
metric states.
Matrix elements Xσli , Y
σ−σl
ji , Y
σσl
ji , Z
σσ−σl
mj , Z
σ−σ−σl
mj
and Wσ−σ−σlm can be defined as:
Xσli = 〈Ψσi |c+σl|0〉
Y σ−σlji = 〈Ψσ−σj |c+σl|Ψ−σi 〉
Y σσlji = 〈Ψσσj |c+σl|Ψσi 〉
Zσσ−σlmj = 〈Ψσσ−σm |c+σl|Ψσ−σj 〉
Zσ−σ−σlm = 〈Ψσ−σ−σm |c+σl|Ψ−σ−σ〉
Wσ−σ−σlm = 〈Ψσσ−σ−σn |c+σl|Ψσ−σ−σm 〉 (14)
Finally one can easily express matrix elements through
the matrixes (7), (9), (11) eigenvectors elements:
Xσ1i = µi;X
σ2
i = νi
Y σ−σ1ji = αjµi + βjνi
Y σ−σ2ji = δjνi + γjµi
Y σσ1ji = νi;Y
σσ2
ji = µi
Zσσ−σ1mj = pmγj + qmδj
Zσσ−σ2mj = pmαj + qmβj
Zσ−σ−σ1mj = pm;Z
σ−σ−σ1
mj = qm
Wσ−σ−σ1m = qm;W
σ−σ−σ2
m = pm (15)
For identical QDs and arbitrary values of Coulomb cor-
relations charge trapping can occur due to the presence of
one particle ”dark state” with the energy ε+ T . Matrix
element, which corresponds to transitions between this
state and empty states is equal to zero. This transition
is forbidden by the symmetry of the tunneling Hamilto-
nian (4). If there is the way of allowed transitions from
initial state to the ”dark state” during relaxation pro-
cesses, the residual charge is trapped in this one-particle
state.
Conditions, which determine allowed and restricted
transitions between the states with different number of
electrons can be easily found:
I. Transitions between the state with zero electrons and
single electron state:
Xσi =
∑
l=1,2
Xσli =
∑
l=1,2
〈ψσi |c+σl|0〉 = µi + νi =
= { 0 restricted6= 0 allowed (16)
II. Transitions between single electron state and two
electron state with:
Y σ−σji =
∑
l=1,2
Y σ−σlji =
∑
l=1,2
〈ψσ−σj |c+σl|ψ−σi 〉 =
= αjµi + βjνi + δjνi + γjµi =
= { 0 restricted6= 0 allowed (17)
and
Y σσji =
∑
l=1,2
Y σσlji =
∑
l=1,2
〈ψσσj |c+σl|ψσi 〉 = µi + νi =
= { 0 restricted6= 0 allowed (18)
III. Transitions between two electron state and three
electron state:
Zσσ−σmj =
∑
l=1,2
Zσσ−σlmj =
∑
l=1,2
〈ψσσ−σm |c+σl|ψσ−σj 〉 =
pmγj + qmδj + pmαj + qmβj =
= { 0 restricted6= 0 allowed (19)
and
Zσ−σ−σmj =
∑
l=1,2
Zσ−σ−σlmj =
∑
l=1,2
〈ψσ−σ−σm |c+σl|ψ−σ−σ〉 =
= pm + qm = { 0 restricted6= 0 allowed
(20)
IV. Transitions between three electron state and four
electron state:
Wσ−σ−σm =
∑
l=1,2
Wσ−σ−σlm =
∑
l=1,2
〈ψσσ−σ−σl |c+σl|ψσ−σ−σm 〉 =
= pm + qm = { 0 restricted6= 0 allowed
(21)
For slightly different QDs (ε1 6= ε2) these matrix ele-
ments determine different time scales of the system dy-
namics. For rather large values of Coulomb interaction
Ul and low temperatures only single electron and low en-
ergy two-electron states can be considered, as all other
states are separated by the Coulomb gap. So, the follow-
ing non-stationary system of equations can be obtained
for the pseudo particle filling numbers Ni, N
σ−σ
dj , N
σσ
dj
and Nb:
4∂Nσ−σdj
∂t
= −2γ
∑
iσ
|Y σ−σji |2 ·Nσ−σdj
∂Niσ
∂t
= 2γ
∑
jσ
|Y σ−σji |2Nσ−σdj − |Xσi |2Nσi +
∑
j
|Y σσji |2 ·Nσσdj
∂Nb
∂t
= 2γ
∑
iσ
|Xσi |2 ·Nσi
∂Nσσdj
∂t
= −2γ
∑
iσ
|Y σσji |2 ·Nσσdj (22)
where
|Xσi |2 = |νi + µi|2,
|Y σ−σji |2 = |αjµi + βjνi + γjµi + δjνi|2,
|Y σσji |2 = |νi + µi|2 (23)
and γ = ν0t
2, ν0 - is the unperturbed density of states
in the reservoir. Depending on the tunneling barrier
width and height typical tunneling coupling strength γ
can vary from 10µeV 33 to and 1÷ 5 meV34.
System of Eqs.(22) for the single and two-electron
states can be solved both numerically and analytically
with initial conditions Nσσ
′
dj (0) = 1, Naσ(0) = 0,
Nsσ(0) = 0 and Nbσ(0) = 0. Analytical expressions,
which determine charge relaxation have the following
form:
Nσ−σdj (t) = e
−2λt,
Naσ(t) =
λja
2λ− λa · (e
−λat − e−2λt),
Nsσ(t) =
λjs
2λ− λs · (e
−λst − e−2λt),
Nb(t) = 1−Nσ−σdj (t)−
∑
σ
Naσ(t)−
∑
σ
nsσ(t)(24)
where
λ = 2γ ·
∑
i
|αjµi + βjνi + δjνi + γjµi|2,
λa = 2γ · |µa + νa|2,
λs = 2γ · |µs + νs|2,
λja = 2γ · |αjµa + βjνa + δjνa + γjµa|2,
λjs = 2γ · |αjµs + βjνs + δjνs + γjµs|2. (25)
Index a corresponds to the state with energy:
εa =
ε1 + ε2
2
+
√
(ε1 + ε2)2
4
+ T 2 (26)
and index s - to the state with energy:
εs =
ε1 + ε2
2
−
√
(ε1 + ε2)2
4
+ T 2 (27)
Electron occupation numbers Nel can be obtained from
the pseudo particle occupation numbers considering spin
degrees of freedom by the following expression:
Nel(t) = 2 ·Nσ−σdj (t) +
∑
σ
Naσ(t) +
∑
σ
Nsσ(t)
(28)
We’ll consider charge time evolution from the singlet
and triplet initial states. For singlet initial state coeffi-
cients α, β, γ and δ are determined as an eigenvector of
matrix (9) corresponding to its minimal eigenvalue.
For the triplet initial state coefficients α = δ = 0 and
β = −γ = 1√
2
.
Non-stationary behavior of the system occupation
numbers depends on the initial conditions. Fig.2 demon-
strates charge relaxation from initially occupied singlet
(see solid lines in Fig.2) and triplet (see dashed lines in
Fig.2) states for different system parameters.
FIG. 2. (Color online) Electron occupation numbers time
evolution from initial singlet state - solid lines and triplet
state - dashed line. Black solid and dashed lines: ε1/γ =
ε2/γ = 7 and U1/γ = U2/γ = 20; red solid and dashed lines:
ε1/γ = 7.4, ε2/γ = 7 and U1/γ = U2/γ = 20; blue solid and
dashed lines: ε1/γ = ε2/γ = 7 and U1/γ = 21, U2/γ = 20.
Parameters T/γ = 2 and γ = 1 are the same for all the figures.
When relaxation starts from the singlet state charge
trapping effects are not present in the system even for
identical QDs (ε1 = ε2 and U1 = U2). Charge trapping
is present for identical QDS (ε1 = ε2 and U1 = U2) when
relaxation starts from the triplet state (see black dashed
line in the Fig.2). This is the direct manifestation of
selections rules influence on the electrons transitions be-
tween QDs states and reservoir, which are determined by
the matrix elements.
5FIG. 3. (Color online) Sketch of the measurement scheme, ap-
plicable for distinguishing two-electronic states with different
spin orientation.
For different QDs, when conditions ε1 6= ε2 and
∆ε/T << 1 are fulfilled, two different timescales for
charge relaxation from the states with the energies εa
and εs exist in the system. The presence of initial energy
levels detuning ∆ε leads to the appearance of two time
scales γs and γa, related by the ration:
γa =
∆ε2
T 2
· γs. (29)
All other relaxation rates, present in the system can
be expressed through γs and γa:
γT 0s =
1
2
· γa,
γT 0a =
1
2
· γs,
γS0s = |α+ β|2 · γs,
γS0a = |α+ β|2 · γa. (30)
Charge relaxation from the triplet state to the single
electron states does not depend on the value of Coulomb
interaction Ud. Moreover, relaxation rates from the sin-
gle electron states also do not depend on the value of
Coulomb correlations (see Fig.2). For identical QDs time
evolution of initial triplet state leads to charge trap-
ping. For slightly different QDs the second relaxation
time scale γa appears in the system. It reveals in the
slow charge relaxation instead of charge trapping (see
red dashed line in the Fig.2) obtained in the absence of
energy levels detuning. For initially singlet state the pres-
ence of Coulomb interaction slightly changes relaxation
dynamics and do not influence the relaxation processes
if initial state is a triplet one.
Obtained significant difference in non-stationary be-
havior of localized charge for singlet and triplet states
gives us possibility to propose experimental scheme,
which allows to distinguish different two-electronic states
(see Fig.3).
Let us consider the situation, when unknown initial
two-electronic state is prepared. There exists four dif-
ferent configurations S0, T 0, T+ or T−. To define the
particular initial state one has to analyze non-stationary
system characteristics and to control the value of resid-
ual charge Q. To measure non-stationary current (see II
and III in the Fig.3) one has to use the system of two
consecutive spin-polarized leads (see lead1 and lead2 in
the Fig.3) with opposite directions of applied external
magnetic field (see B+ and B− in the Fig.3).
Proposed experimental scheme allows to distinguish
different two-electronic states in the system of two in-
teracting quantum dots with Coulomb correlations by
means of the logic diagram shown in Fig.4.
FIG. 4. (Color online) Sketch of the logic diagram, which
enables to resolve initial many particle electronic states with
different spin orientation.
States S0 and T 0 can be resolved by means of residual
charge Q control just after non-stationary current pulse
III 6= 0 has been registered after both leads. If measured
charge is equal to zero Q = 0, then initial state was S0.
In the case of non-zero charge Q 6= 0 initial state was T 0
(see logic diagram in the Fig.4a). Initial states T+ and
T− can be resolved only by the measurements of non-
stationary currents. If non-stationary current after both
leads is absent III = 0 but non-stationary current be-
tween the leads II has non-zero value, then initial state
was T+. Contrary, the absence of current registered be-
tween the leads II = 0 means that initial state was T
−
(see logic diagram in the Fig.4b).
III. CONCLUSION
We have proposed the method of how to distinguish
different two-particle electronic states in the system of
two interacting quantum dots (impurity atoms) with
Coulomb correlations. This method is based both on the
6analysis of the system non-stationary current character-
istics and on the control under the residual charge value.
The resolution of two-particle electronic states becomes
possible due to appearance of significantly different time
scales in dynamics of initially singlet and triplet states.
We also demonstrated the possibility of charge trapping
in the proposed system due to the selection rules pres-
ence, which govern electron transitions between different
electronic states. The method discussed in the paper
can be used for the control under many-particle elec-
tronic states in modern nanoelectronic devices such as
electronic pumps, turnstiles, logic and quantum informa-
tion devices and new types of electronic devices based on
non-equilibrium non-stationary currents.
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